The elliptic equations with discontinuous coefficients are often used to describe the problems of the multiple materials or fluids with different densities or conductivities or diffusivities. In this paper we develop a partially penalty immersed finite element (PIFE) method on triangular grids for anisotropic flow models, in which the diffusion coefficient is a piecewise definite-positive matrix. The standard linear Crouzeix-Raviart type finite element space is used on non-interface elements and the piecewise linear Crouzeix-Raviart type immersed finite element (IFE) space is constructed on interface elements. The piecewise linear functions satisfying the interface jump conditions are uniquely determined by the integral averages on the edges as degrees of freedom. The PIFE scheme is given based on the symmetric, nonsymmetric or incomplete interior penalty discontinuous Galerkin formulation. The solvability of the method is proved and the optimal error estimates in the energy norm are obtained. Numerical experiments are presented to confirm our theoretical analysis and show that the newly developed PIFE method has optimal-order convergence in the L 2 norm as well. In addition, numerical examples also indicate that this method is valid for both the isotropic and the anisotropic elliptic interface problems.
Introduction
The elliptic equations with discontinuous coefficients are often used to describe phenomena appearing in material sciences and fluid dynamics when there are two or more distinct materials or fluids with different densities or conductivities or diffusivities. Since the solutions of these interface problems are required to satisfy interface jump conditions from conservation laws, it is difficult to find the exact solutions and construct high accuracy numerical methods. In addition, if the interface is smooth enough, then the solution of the interface problem is also smooth in individual regions where the coefficient is smooth. But due to the jump of the coefficient along the interface, the global regularity of the solution is usually low and the solution belongs to H +α ( ),  ≤ α < . Therefore, it is difficult to achieve high accuracy by using standard finite element methods. Several articles are devoted to developing methods to solve these problems, such as fitted finite element In recent years, the immersed finite element (IFE) methods have been studied and found to be very effective for solving elliptic interface problems. The method was proposed on the uniform Cartesian triangular grids in [, ] , according to the above mentioned immersed interface methods. Approximation capabilities of the nonconforming IFE spaces were studied in [] and the convergence analysis of the IFE solutions was developed in [, ]. But we realize that it is very difficult to achieve an optimal-order H  -norm error estimate due to the strong nonconformity. So, for anisotropic elliptic interface problems, we presented the partially penalty IFE method in [] by adding two penalty terms on the common edges of the adjacent interface elements to restrict the function jumps, and then deriving the optimal-order error estimates. The numerical experiments verify our theoretical results. Moreover, this idea of partially penalization can also be seen in [] , which is on rectangular grids for solving isotropic elliptic interface problems. And there are other developed forms [-] . In addition, the penalty idea exists in other unfitted methods, too. In [] , a ghost penalty is added in unfitted finite element methods to recover the condition number of the stiffness matrix. And an unfitted method based on the symmetric interior penalty discontinuous Galerkin method was proposed to discretize elliptic interface problems in [] . Moreover, there are other forms of IFE methods, such as the symmetric and consistent IFE method [] and the augmented IFE method [, ] . Recently, Kwak et al. [] proposed an immersed finite element method based on piecewise linear Crouzeix-Raviart type polynomials on a uniform triangular grid. In this reference, the authors use the integral averages on the edges as degrees of freedom to weaken their nonconformity on the common edge of two adjacent interface elements. Zhang, in his thesis [] , proposed the nonconforming rotated Q  IFE method based on rectangular grids by using both integral averages and midpoint values on the edges as degrees of freedom.
However, the optimal convergence is still not very easily obtained. And inspired by the work of Ji et al. [] , a penalty on interface edges is added to ensure that the condition number of the resulting linear system is independent of how the interface cuts through the mesh. In this paper, we develop the partially penalty immersed finite element (PIFE) method with the Crouzeix-Raviart type polynomial spaces to solve the anisotropic flow models in which the diffusion coefficient is a piecewise definite-positive matrix, although we consider isotropic elliptic problems with piecewise scalar coefficients in major length for simplicity. For the anisotropic elliptic interface problems, the construction of the Crouzeix-Raviart type IFE spaces is given in our paper [] . We prove that the piecewise Crouzeix-Raviart type polynomials satisfying the jump conditions on two types of interface elements can be uniquely determined by integral averages on the edges as degrees of freedom. Then we construct the Crouzeix-Raviart type IFE spaces on interface elements and give the partially penalty immersed Crouzeix-Raviart finite element schemes. We prove the solvability of the method and obtain its optimal convergence analysis. Numerical experiments show that our method is valid not only for isotropic elliptic interface problems but also for anisotropic elliptic interface problems.
The rest of the paper is organized as follows. In the next section, some preliminaries and notations are introduced. In Section , we construct IFE spaces based on the CrouzeixRaviart elements on triangular grids and investigate properties of these nonconforming IFE spaces. In Section , we are devoted to defining the PIFE method based on the Crouzeix-Raviart type IFE spaces and prove the solvability of the method. Then we carry out the optimal convergence analysis. In Section , some numerical experiments are performed to indicate the optimal-order convergence of our PIFE method for both isotropic and anisotropic elliptic interface problems. Finally, we conclude in the last section.
Preliminaries and notations
Consider the second order elliptic interface problem: For the sake of simplicity and convenience, in the following analysis, we assume β(x) is a piecewise constant function defined by
where
Of course, the coefficient β(x) can also be a symmetric definite-positive matrix as and the corresponding analysis can be performed similarly. In the last section, we also conduct numerical examples for this case. Let T h = {T} be the usual regular triangulation of the domain . T i h and T n h denote the collection of interface elements and the collection of the non-interface elements, respectively. It is also called a non-interface element if intersects with this triangle but does not separate its interior into two nontrivial subsets. Assume that the interface meets the edges of an interface element at no more than two intersections. Such an assumption is reasonable if the step size is sufficiently small.
Let E h be the collection of all edges in the triangulation For the analysis, we introduce the following spaces on the whole domain :
For every interface element T ∈ T i h , we also introduce the following spaces:
and for any u ∈ H  (T),
The Crouzeix-Raviart type IFE space and its properties
In this section, we introduce the local Crouzeix-Raviart type basis functions for both the non-interface elements and the interface elements, define the IFE spaces over the whole domain, and then investigate properties of the nonconforming Crouzeix-Raviart type IFE spaces.
Construction of immersed Crouzeix-Raviart finite element spaces
In this subsection, we develop the nonconforming IFE spaces with integral averages on the edges as degrees of freedom. To make sure that the flux jump conditions can be weakly enforced on the smooth interface, we derive the IFE functions on usual elements instead of the reference elements used in [] . The standard nonconforming linear Crouzeix-Raviart functions are used on non-interface elements. On interface elements, these functions are locally modified to satisfy the jump conditions. For a non-interface element T ∈ T n h , we simply use the standard linear Crouzeix-Raviart type polynomials as local basis functions, and use S h (T) to denote spaces spanned by the three basis functions on T,
where e j , j = , ,  are three edges of T and δ is the Kronecker function. For the space S h (T) on non-interface element T ∈ T n h , we have the well-known approximation property as follows [, ]: To construct the local immersed Crouzeix-Raviart finite element spaces on interface elements, we consider a typical triangle T ∈ T i h , in which the three vertices are A  (, ), A  (h, ) and A  (, h). We assume that the interface curve intersects T at two different points D and E. And the segment DE separates T into two subsets T + and T -with T =
There are two types of interface elements depending on the location of the intersection points D and E. We call an element T a Type- interface element if intersects with T at two square edges, or a Type- interface element if intersects with T at a square edge and a bevel edge. See Figure  for an illustration of the two different types of interface elements, where, without loss of generality, we assume that intersection points D, E satisfy
for a Type- interface element with  < a, b ≤ , and
for a Type- interface element with  ≤ a < ,  < b < . There is a small region in these two types of interface elements, 
where φ e i , i = , ,  denote integral averages of φ on the edges e i , i.e., φ e i =  |e i | e i φ ds, and n DE is a unit normal vector to DE.
As for the piecewise linear function φ defined above, we have the following results: Proof We shall prove the theorem on Type- and Type- interface elements. In both cases, it is proved by involving a i , b i , c i , i = ,  as unknowns into a linear system and then showing its coefficient matrix is non-singular for arbitrary interface location, reflected by a and b.
Firstly, we consider the Type- interface elements, where D = (ah, ), E = (, bh) with  < a, b ≤ . By the definition of φ e i and (.a) we obtain, through a simple calculation, the first three equations with respect to unknowns,
The continuity conditions (.b) and (.c) imply the fourth and fifth equations,
The last equation is derived from the flux continuity condition (.d) along DE,
where we used n DE = (bh, ah)/ (bh)  + (ah)  and ρ = β -/β + .
We summarize these six equations and reformulate them into the following matrix form:
T and the coefficient matrix
In the following we will show that the coefficient matrix is non-singular or its determinant is non-zero. Following a tedious calculation, we have
For the Type- interface elements, where
by the definition of φ e i and (.a), we derive the first three equations similarly to the derivation of (.),
The continuity conditions (.b) and (.c) imply two equations as below,
The last equation is obtained from the flux continuity condition (.d),
where we used
We summarize these six equations and write in the matrix form:
In the following we will prove that the coefficient matrix is non-singular. Following a tedious calculation, we have
To simplify the proof, we let  -a = tb with t > , then det(A) is rewritten as
By  ≤ a < , we have  < tb =  -a ≤ . Also by  < b < , we derive  < tb  <  and  -tb  > . Therefore ρ >  implies det(A) >  in this case, which completes the proof.
Remark . Theorem . tells us that on each interface element, the piecewise linear function defined by (.) and (.) is continuous across DE and uniquely determined by its integral averages on the edges as degrees of freedom.
Then, for an interface element T ∈ T i h , we can define the local Crouzeix-Raviart type IFE space S h (T) by
where A - denotes the inverse matrix of A that is derived in the proof of Theorem ..
Remark . Theorem . also holds if the coefficient β(x) is a symmetric definite-positive matrix defined by (.) and its proof is provided in another paper [] .
Finally, we conclude this subsection by defining the global immersed Crouzeix-Raviart type finite element spaces S h ( ) and S h ( ) on the whole domain as
Properties of the Crouzeix-Raviart type IFE spaces
In this subsection, we present several properties for the local IFE space S h (T) on the interface element T ∈ T i h and the global IFE space S h ( ) on the domain .
Although for Crouzeix-Raviart type IFE functions in S h (T) the flux jump condition is enforced on the line segment DE, they actually satisfy a weak flux jump condition along the actual interface curve ∩ T, which is stated in the following lemma.
Lemma . For an interface triangle T ∈ T i
h , each linear function φ ∈ S h (T) satisfies the flux jump condition on ∩ T in the following weak sense:
Proof Let φ be a function in S h (T). By Green's formula we have
Combining the equality above with the flux continuity of
we reach the conclusion.
It is well known that the trace inequalities are important for the finite element analysis. So here we present the trace inequalities stated on p. of [] ,
Noting that S h (T) ⊂ H  (T), the above two inequalities both hold on the non-interface
Therefore, we need to establish a trace inequality similar to (.) for the Crouzeix-Raviart type IFE functions on interface elements.
Theorem . There exists a constant C depending on the diffusion coefficient β only, such that on any T ∈ T
where e is an interface edge of T , and n is the unit outer normal vector of T.
To prove Theorem ., which follows the idea of proof for Theorem . in [], we need the lemma below.
Lemma . There exist two constants C  ≥ , C  ≥ , which are both dependent on the discontinuous coefficient β but independent of the mesh size h and the interface location (reflected by a, b), such that, for every function φ defined by (.), we have
Proof We shall prove the lemma on Type- and Type- interface elements, respectively. Firstly, we consider the Type- interface elements, where D = (ah, ), E = (, bh) with  < a, b ≤ . According to equations (.) and (.), we have
By a tedious calculation, we derive
Then, by using ρ >  and ab ≤ a  + b  , we get the inequality for |b  |,
And in the same way, the inequality for |c  | is derived:
That is to say, we have
If we express a  , b  , c  by a  , b  , c  by use of (.) and (.), then we get the inequalities for |b  | + |c  | similarly:
Therefore, we derive the conclusion (.) with
Next we consider the Type- interface elements, where
According to equations (.) and (.), we have
By a tedious calculation, we obtain
Using ρ >  and
Then the inequality for |c  | is derived similarly:
If we express a  , b  , c  by a  , b  , c  by applying (.) and (.), then we can get the inequalities for |b  | + |c  | similarly,
Therefore, we also derive the conclusion for Type- interface elements.
For any interface element T ∈ T i n , we can divide it into four congruent triangles T j , j = , , ,  by connecting the three midpoints of three edges of T. There must exist a subset T j which is completely inside of either T + or T -, and we denote it by T.
Applying the left of the estimate (.) in the above lemma, we derive
So we have the estimate
If T ⊂ T -, by the right of the estimate (.), we obtain
Therefore, no matter which part of T the subset T belongs to, we have
Now we give the proof for Theorem ..
Proof Without loss of generality, we consider e = A  A  with e -= A  D and e + = DA  . Let β max = max{β -, β + }, by the above result (.), we obtain
which completes the proof.
For any u ∈ H  int (T), we let I T u ∈ S h (T) be such that 
where · ,T is the norm in H  (T) defined by (.).
We can naturally extend the interpolation operator such that
Then, by (.) and the above estimation (.), we obtain the following result.
The Crouzeix-Raviart PIFE method
We multiply the elliptic equation (.a) by a test function v ∈ S h ( ), integrate over each element T ∈ T h , and apply the Green's formula,
Here, n T is the unit outward normal of T. Summing the above equation over all elements, we obtain
Let n e denote the unit normal vector of e, then
Applying the algebraic identity ac
Then substituting the second term in (.) by the above two equalities, we obtain
Assume that u is smooth enough, ∇ · (β∇u) = -f ∈ L  ( ) implies that β∇u ∈ H(div; ) and thus the normal flux β∇u · n e is continuous across every interior edge e. Hence, [β∇u · n e ] = . Therefore the third term in the above equation is zero and the above equation becomes
where we have used the definition of the jump and average values for functions on boundary edges and the relationship
h . In the following, similar to [], we give the partially penalty immersed finite element method with Crouzeix-Raviart elements and prove the existence and uniqueness of its discrete solution. In the derivation of the PIFE formulation, we have followed the idea of the interior penalty discontinuous Galerkin scheme [] . The meaning of partially penalty is that we add penalty terms only to the interface edges in order to restrict the jump of IFE functions across their interface edges.
Since u is continuous in the interior of , [u] =  on each interior edge e. We add two penalty terms whose value is zero for the exact solution u defined only on interface edges to (.), and obtain
We assume that on non-interface edges, the quantity e∈E n h e {β∇u · n e }[v] ds is not very large which suggests to ignore this term in our scheme. Then we have 
where we have used the relationship E h = E i h ∪ E n h . Now we define the PIFE formulation: find u h ∈ S h ( ) such that
In the above formulation, the penalty parameter σ  e > , the choice of the power β  >  will be discussed later, and the parameter ε may take the value -, , or .
Here, we also call the scheme (.) by the same name as reference [] (shown in Remark .), although the degrees of freedom used are different. Subsequently, we shall prove the existence and uniqueness of the solution to (.). Define the energy norm on S h ( ) by
It is easy to check that it is indeed a norm on S h ( ). In the following theorem, the coercivity of the bilinear form a ε (·, ·) with respect to the energy norm · ε is stated, which is similar to that in [] although the degrees of freedom used are different. Proof Note that the coercivity result is trivial for ε =  and the corresponding coercivity constant is k = . Indeed,
Theorem . The coercivity of the bilinear form a ε (·, ·):
Hence, we focus on the other two cases ε = - or  below.
For every interface edge e ∈ E i h shared by the interface elements T e, and T e, , using Cauchy-Schwarz's inequality twice and the trace inequality stated in Theorem ., we derive
where h T e, and h T e, are the maximum edge length of T e, and T e, , respectively, and the common edge e satisfies |e| ≤ h T e, , |e| ≤ h T e, .
If β  satisfies the condition β  ≥  and we assume, without loss of generality, that h ≤ . Then, from the above inequality, we obtain
(.) Summing the above (.) over all the interface edges, and using Cauchy-Schwarz's inequality once more and the Young inequality, for δ > , we get
Thus, we obtain a lower bound for a ε (v, v),
where C is the constant in the trace inequality stated in Theorem .. Choosing δ and σ  e in the above inequality such that
then we have the coercivity result for the cases ε = - or  as follows:
For instance, δ =  if ε =  and δ = / if ε = - and choosing σ Proof Since (.) is a linear problem in finite dimension, existence is equivalent to uniqueness. We only have to prove the uniqueness of the PIFE solution.
Assuming that there are two solutions u
Taking v h = w h , by the coercivity results stated in Theorem ., we have
This implies w h =  since · ε is a norm on S h ( ), which completes the proof.
The convergence analysis of the PIFE method
In this section, we conduct the error estimate for the PIFE solution in the energy norm · ε . And we firstly give the interpolant error estimate in the energy norm.
Lemma . For u ∈ H  int ( ), there exists a constant C independent of h and interface location, such that
where we used that σ  e is bounded above for any e ∈ E i h when it is fixed. By the interpolant error estimates given in (.) and (.) as well as the trace inequality (.), we obtain
Remark . The parameter β  in the energy norm (.) should satisfy β  ≤  in order to guarantee that the Crouzeix-Raviart type IFE space S h ( ) has the optimal approximation property in the energy norm.
Next, we come to derive the error estimate for the PIFE solution in the energy norm. In the beginning, we give the following lemma which is cited from Lemma  in [], and we shall need it in the proof of the energy norm estimate.
Lemma . Let e be an edge of T. Then there exists a constant C >  such that for all
where v e =  |e| e v ds.
Theorem . Let u ∈ H
 int ( ) and u h ∈ S h ( ) be the solutions of the interface problem (.)-(.) and the discrete formulation (.), respectively. Assume β  = , then there exists a constant C >  independent of h and the location of the interface, such that the following optimal energy norm estimate holds:
Proof The equation (.) implies that the solution u satisfies
Subtracting (.) from the above equation, we obtain
Choosing the test function v h = ξ ∈ S h ( ) and using the coercivity of the bilinear form a ε (·, ·) in Theorem ., we get
Using Cauchy-Schwarz's inequality and Young's inequality, we have the estimate for T  ,
The approximation results (.) and (.) give the estimate for T  ,
Now we bound the term T  . By the Cauchy-Schwarz inequality, we have
where T e, and T e, share the common edge e.
Using the trace inequality stated in Theorem . for the IFE function ξ , we have
And by the trace inequality (.) for the H  function η, we obtain
Then combining with Young's inequality and approximation result (.), we have
The term T  can simply be bounded using Cauchy-Schwarz's and Young's inequalities:
Assume β  ≤ . Using the estimate (.) and the approximation result (.), we derive
Next, we come to bound T  . From the definition of the Crouzeix-Raviart type IFE space in (.), for ξ ∈ S h ( ), we have
which also implies (ξ | T e, ) e = (ξ | T e, ) e for any edge e shared by T e, and T e, .
Therefore, applying the above estimate and (.), combining with the observation that β∇u · n e is continuous across any interior edge e ∈ E
• h , we obtain
Then by using Cauchy-Schwarz's and Young's inequalities, we derive
In order to conclude, it remains to bound the term T  . Similarly to what we did to the above terms, applying Cauchy-Schwarz's inequality and Young's inequality, we have
Assume β  ≥ , then we obtain the estimate for T  ,
where we used (β∇η · n e )| T e,j  ,e ≤ Ch u
, j = , , which can be obtained similarly to Lemma . in [] by using the approximation result (.).
Combining these five bounds above, we derive
which implies the energy norm error estimate for ξ , that is, ξ ε ≤ Ch u H  ( ) . In addition, Remark . tells us that, for β  ≤ ,
Finally, we complete the proof by the triangle inequality
Remark . The error estimate in H  -seminorm can be derived as follows:
that is to say,
To guarantee the optimal-order energy norm estimate (.) of the PIFE solutions, the parameter β  in our PIFE schemes (.) and the energy norm (.) should be chosen as β  = . Hence, we assume β  =  for the numerical experiments in the next section.
Computational results
In this section, two kinds of numerical experiments are presented to illustrate the validity of our PIFE schemes with Crouzeix-Raviart elements. One kind is for the isotropic elliptic interface problems with piecewise constant coefficients, which we apply to verify our theoretical findings about the error estimate in the energy norm as well as to show the optimal convergence in L  norm. And the other is for the anisotropic elliptic interface problems in which the diffusion coefficients are piecewise symmetric definite-positive matrices. We conduct this kind of numerical experiments to show that the PIFE method proposed in this paper can also be applied to the problems with discontinuous tensor-coefficients, although we only analyze the problems with discontinuous scalar-coefficients for simplicity. We consider the elliptic interface problem defined by (.a) and (.) with = [-, ] × [-, ], being a circle centered at origin (, ) with radius r  = π/.. Then the interface curve separates into two sub-domains -and + with -= (x, y) :
In our numerical experiments, we use the triangular grids, which are formed by partitioning by N × N congruent squares and then cutting every square along its two diagonals. Thus we derive our triangulation (illustrated in Figure  ) with mesh size /N , which is the maximum length of edges. The number of triangles in this partition is N × N × . 
Numerical results for the isotropic elliptic interface problem
In this subsection, we conduct the numerical experiment with piecewise constantcoefficients to verify our theoretical findings about the PIFE method in symmetric, nonsymmetric and incomplete forms defined in Remark ..
Taking the example from [] , the boundary condition function g(x, y) and the source term f (x, y) are chosen such that the following function u is the exact solution:
In our computation, we select the penalty parameter σ solved by these three different PIFE schemes, which are reflected by different ε, in Table   and Table  , respectively. The data in Table  and Table  
Numerical results for the anisotropic elliptic interface problem
To show that the PIFE method proposed in this paper can also be applied to anisotropic elliptic interface problems, we provide a numerical example in this subsection, whose diffusion coefficients are piecewise symmetric definite-positive matrices B l , l = ± satisfying
The boundary condition function g(x, y) and the source term f (x, y) are chosen such that the exact solution is
which can easily be checked to satisfy the jump conditions (.). In our computation, we select the parameter σ Table  and Table  , respectively. We can see the optimal-order accuracy in both the L  norm and the H  -seminorm, which implies that our PIFE method is valid for the anisotropic interface problem. In addition, we present the figures of the numerical solutions in these two numerical examples (the left one is for Then we come to verify that our PIFE method can derive the same optimal-order accuracy even if the entries s l of the tensors B l (l = ±) are negative. We conduct the numerical give the error results in Table  and Table  , respectively. Finally, we would like to point out that, even for a larger jump of the diffusion coefficient, our PIFE method is also valid and possesses optimal-order convergence properties. We present numerical results for t = ., B -= [,, ,; ,, ,] in Table  as an example for illustration.
Conclusions
In this paper, on non-body fitted triangular meshes, we have developed a partially penalty immersed Crouzeix-Raviart finite element method for both isotropic and anisotropic el- liptic interface problems. For the theoretical analysis, we restrict ourselves to the isotropic interface problems for simplicity. The solvability and optimal error estimates are obtained.
Then numerical experiments for both isotropic and anisotropic problems are conducted to illustrate the validity of our schemes. In this method, edge averages on three edges are used as degrees of freedom, which makes it more advantageous for solving anisotropic interface problems than the use of values at three vertices. From numerical examples in the above section, we can observe that it works well for the anisotropic problems, even if the entries s l of the tensor-coefficients B l (l = ±) are negative, while in [], by three counter-examples, it is pointed out that, for some specially selected entries of the definite-positive diffusion matrix and the intersection points of the interface with the edges on the interface elements, the piecewise linear Lagrange-nodal-polynomial satisfying the jump conditions cannot be uniquely determined by its values at three vertices.
